The key ingredient in achieving bosonic single Dirac surface states is the breaking of T , which we prove by contradiction. The T operator differs fundamentally for particles with different spins : T 2 f = −1 for fermions with half-integer spins while T 2 b = 1 for bosons with integer spins. Up to a choice of basis, the anti-unitary T operator can always be expressed as T f = σ y K| k→−k and T b = K| k→−k for fermions and bosons, respectively. Here σ x,y,z are the Pauli matrices acting on the two-component wavefunctions of a single Dirac cone. T flips the sign of momentum (k) and K is the complex conjugation. Let us consider the surface (say the xy plane) of a 3D system with a bulk gap. In the presence of T , a single Dirac cone can only appear at a T -invariant momentum, in the vicinity of which the two-band Dirac Hamiltonian is denoted by H SD (k) = k x σ 1 + k y σ 2 . Here k x,y are the two surface momenta and σ 1,2 are two linearly independent Pauli matrices. T -invariance implies T and H SD (k) commute, requiring the existence of at least two Pauli matrices that anti-commute with T . For fermions, this is satisfied since all three Pauli matrices anti-commute with T f . The anti-commutation relations forbid any mass term (σ 3 ) in H SD (k), justifying the T -protected single Dirac surface states found in topological insulators. For bosons, however, σ y is the only Pauli matrix anti-commuting with T b . So T b is not compatible with H SD . Hence T has to be broken to linearly split the two bands in all surface directions away from the Dirac point, in order to form a single surface Dirac cone in photonic crystals. * Electronic address: linglu@mit.edu; liangfu@mit.edu † The first two authors contributed equally to this work. 
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I. COMPATIBILITY BETWEEN TIME-REVERSAL SYMMETRIES AND THE SINGLE-DIRAC-CONE SURFACE STATE
The key ingredient in achieving bosonic single Dirac surface states is the breaking of T , which we prove by contradiction. The T operator differs fundamentally for particles with different spins : T 2 f = −1 for fermions with half-integer spins while T 2 b = 1 for bosons with integer spins. Up to a choice of basis, the anti-unitary T operator can always be expressed as T f = σ y K| k→−k and T b = K| k→−k for fermions and bosons, respectively. Here σ x,y,z are the Pauli matrices acting on the two-component wavefunctions of a single Dirac cone. T flips the sign of momentum (k) and K is the complex conjugation. Let us consider the surface (say the xy plane) of a 3D system with a bulk gap. In the presence of T , a single Dirac cone can only appear at a T -invariant momentum, in the vicinity of which the two-band Dirac Hamiltonian is denoted by
Here k x,y are the two surface momenta and σ 1,2 are two linearly independent Pauli matrices. T -invariance implies T and H SD (k) commute, requiring the existence of at least two Pauli matrices that anti-commute with T . For fermions, this is satisfied since all three Pauli matrices anti-commute with T f . The anti-commutation relations forbid any mass term (σ 3 ) in H SD (k), justifying the T -protected single Dirac surface states found in topological insulators. For bosons, however, σ y is the only Pauli matrix anti-commuting with T b . So T b is not compatible with H SD . Hence T has to be broken to linearly split the two bands in all surface directions away from the Dirac point, in order to form a single surface Dirac cone in photonic crystals.
In Fig. S1 , we plot the (001) surface states of a different surface termination and along a different momentum loop from what are plotted in Fig. 2 .
FIG. S1: The (001) surface states after breaking T . A) (001) surface Brillouin zone. B) Single Dirac cones un-pinned along X − X and M − M lines protected by one glide reflection (G y ). C) Single Dirac cones pinned at X and Y points by the extra glide (G x ). D) Single Dirac cones are gapped due to the loss of glide reflections3. A perfect metallic boundary is placed from top, at the center of the cubic cell, on the (001) surface with an air gap spacing of 0.4a from the photonic crystal surface.
III. FERRIMAGNETIC MATERIALS
Here we break T with the gyromagnetic material instead of the gyroelectric material in the main text. For example, yttrium iron garnet (YIG) has strong gyromagnetic responses at microwave frequencies. The permittivity and permeability of the YIG
where ν is a non-zero imaginary number when the magnetization (M z ) is present and µ 0 = 1. In Fig. S2 , µ // = 1.5 and ν = −1.2i, −1.2i, +1.2i, +1.2i for the red, yellow, blue and green rods respectively. The bulk bandgap opens and the surface state has the same nontrivial connectivity as that is shown in Fig. 2C . These calculations were performed using a modified version of the MIT Photonic Bands [1] . Using the notation in Ref. [2] , the hybrid Wannier centersz n (k ⊥ ) and the equivalent Berry phases
Here n labels the band, k ⊥ means the wavevector in the surface BZ perpendicular to k z . c is the real-space period in the direction of the surface, which is a/2 in our bcc lattice for (001) surface.
Hybrid Wannier centers [z n (k ⊥ )] are properties of the bulk. In addition to the symmetries on the surface,z n (k ⊥ ) also have z to −z symmetries in the bulk. In our system, this z-symmetry is inversion. soz n (k ⊥ ) = −z n (−k ⊥ ) in all the plots in Fig. 3 and S3. At inversion-invariant momenta (X,M,Γ, Y ) where k = −k up to a reciprocal vector, ∑ nz n (k ⊥ ) = 0 or π. If the Wannier centers have a single crossing in the closed loop of X −Γ − X or M − Y − M , the crossing point must locate at one of the inversion-invariant points. The above arguments are all consistent with the three plots of Fig. 3A,B and Fig. S3 . Fig. S3 plots the hybrid Wannier centers in the surface BZ of surface symmetry p2gg. Due to the high symmetry, the two Wannier centers are completely degenerate on the X −Γ − X line at the phase value of π. The 2D vertical plane in the bulk BZ containing X −Γ − X is the only plane on which every k point is invariant under G y . Consequently, the lowest two bulk bands on this vertical plane can be separately labeled by the two G y eigenvalues of g ± y . On the other hand, the multiplication of G x and inversion (P) also transforms the Bloch states, within this vertical plane, from (k
This commutation relation means that these two operators share the same eigenstates on the plane, so that we can transforming the states within each separate branch of the two bulk bands labeled by g ± y .
Since G x P transforms k z into −k z in the plane. This z-symmetry requiresz(k ⊥ ) = −z(k ⊥ ), i.e. Berry phases of 0 or π for both branches of the two bulk bands, for k ⊥ on the X −Γ − X line. 
V. CALCULATION OF BERRY PHASES (HYBRID WANNIER CENTERS)
The multi-band non-Abelian Berry phases are calculated through the linking matrices M The key of this calculation is fixing the periodic gauge at the two end points (k 0 and k last ) differ by a reciprocal vector G in the bulk BZ. We set u(k last ) = u(k 0 + G) = e −iG·r u(k 0 ). For other k points in the loop, gauge fixing is not required.
